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ABSTRACT 

We  prove  existence,  uniqueness  and  regularity  properties  for  a 
solution  u of  the  control  problem: 

max(A^u-f^,  = 0 in 


u = 0 


on  > 


as  well  as  related  problans,  where  A^,  A^  are  two  second-order  uniformly 
elliptic  operators.  Our  methods  are  based  upon  monotonicity  arguments. 
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SIGNIFICANCE  AND  EXPLANATION 


In  this  report  we  study  some  special  cases  of  the  Bellman  equation 
which  arises  in  many  applied  contexts  such  as  physics  and  economics.  This 
equation  may  be  considered  as  a boundary  value  problem  where  the  differential 
operator  is  the  supremum  (or  the  infimum)  of  several  second-order  elliptic 
operators  (for  example) . The  special  cases  studied  here  are  mainly  the 
followinq  ones:  1)  A problem  with  two  elliptic  operators  and  a constraint; 
this  problem  can  be  interpreted  in  terms  of  stochastic  control:  at  each 
moment  we  choose  one  (between  two)  diffusion  process,  and  at  any  time  we 
have  the  possibility  of  stopping  the  process.  Then  the  solution  of  the 
problem  considered  minimizes  a cost  function  related  to  the  control  chosen. 

2)  A problem  with  one  parabolic  and  one  elliptic  operator:  this  problem 
arises  in  economics  as  a problem  of  optimal  maintenance. 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
summary  lies  with  MRC,  and  not  with  the  author  of  this  report. 


SOME  PROBLEMS  RELATED  TO  THE  BELLMAN-DIRICHLET  EQUATION 


FOR  TWO  ELLIPTIC  OPERATORS 

* 

P.  L.  Lions 


I.  Introduction  and  results: 


I.l.  Introduction: 

In  this  paper  we  prove  existence,  uniqueness,  and  regularity  theorems  for  a solution 
of  special  cases  of  the  Bellman-Dirichlet  problem. 

Let  us  give  two  examples  of  our  results: 

1)  Two  elliptic  operators  and  one  constraint: 

We  prove  existence,  uniqueness  and  regularity  theorems  for  a solution  of: 


(I.l) 


^ max(A^u-fj^,  u-iij)  =>  0 in 

u = 0 on  r . 


2)  One  parabolic  and  one  elliptic  operator; 

We  prove  similar  results  for  a solution  of: 
, 3u 


(1,2) 


^ ,dU 


- A^u  - f^)  = 0 in  !2 
u = 0 on  r . 


In  (I.l)  and  in  (1.2)  !)  is  a iDOunded  domain  in  IR  with  a smooth  boundary  T,  iti 

are  given  functions,  and  A^^,  A^  are  linear,  second  order,  uniformly  elliptic  operators. 
These  problems  are  related  to  problems  of  control  of  diffusion  processes.  For  example: 

(I.l)  may  be  considered  as  a problem  of  control  of  stochastic  integrals  with  optimal 
stopping.  Tliese  interpretations  and  analytical  results  using  stochastic  representations 
of  solutions  of  problems  considered  here  will  be  developed  in  a subsequent  paper  to  appear. 
Let  us  mention  that  (1.2)  is  a problem  which  arises  in  economics:  see 
Bensoussan-Lesourne  [1). 
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1.2.  Known  results: 


1)  In  the  case  of  the  whole  space,  Krylov  in  [4],  [51,  [6],  [7]  has  obtained  very 
general  results  on  the  general  Bellman-Dir ichlet  equation.  The  proofs  are  very  delicate 
and  use  essentially  very  p’ ecise  results  on  stochastic  integral  theory;  moreover,  they 
do  not  seem  to  give  results  in  the  case  of  bounded  domains. 

2)  In  the  case  of  a bounded  domain  (in  Ir'^)  with  smooth  boundary,  Brezis  and 
Evans  (21  have  the  following  result. 

2 ~ 

Theorem  I . 1 . [Brezis-Evans] : Let  be  two  elliptic  operators  with  C (fi) 

coefficients : 


A.u  = -a,  .(xlu  + b,  (xlu  + c (xlu 
1 k]  X,  X . k X, 

k 7 k 

1 2 2 2 1 
If  u is  large  enough,  then  for  each  f ,f  e L (!21  , there  exists  a unique  u e H 


solving : 
(1.31 


max  {A.u+uu-f^}=0  . 
ie{l,2)  ^ 


In  the  following,  we  shall  always  consider  such  elliptic  operators,  unless  stated 
otherwise.  Furthermore,  for  the  problem  1.3;  the  following  results  of  regularity  are 
known : 

Theorem  1.2:  Under  assumptions  of  Theorem  I.l  on  A^^,  A^,  i; 

11  (Brezis-Evans):  If  ^l'^2  * W^’^(p>n),  then  for 

each  £1'  CC  SI  there  exists  some  0 < a<l,  depending  only  on  p,  £1’  and  the  coeff icients 

2,0  - , 

of  A^  such  that  u e C (£1  1 . 

(And  in  all  Brezis-Evans  results  stated  here,  we  have:  ac  independent  of 

2 " 11^211  2>  ' 

L Xj 


(1.41 

ll“ll  2 - =^ll^lll 

H 

(1.51 

Hull  3 i ||f  II 

H 

(1.6) 

Hull  2 a - - 'l^lH 

C ’ (£)•)  ^ 

If  f,.f,.  , 


„I,P-  “ 'i-':'  ■ 


-2- 


2)  lEvans-Lions]  [3]: 


If  f ,f  f L , then  u E C {Q)  and  there  exists  a constant  c 
12 

such  that  for  two  solutions  u (resp.  v)  of  1.3  corresponding  to 
in  l": 

(1-7)  llu  - vll  1 - gJI  n '^^2  ■ ^2'^  n ^ • 

c°(n)  ^ ^ l"  ^ l" 

00 

And  we  have  if  f.,g.  e L : 

1 1 


(1.8) 


u - v||  < - max  Ilf  - g.  | 

C°(fl)  - iefl,2f  ^ ^ 


If  W^'^(p>n),  then  ue  W^'  (£1).  • 


In  Section  TI  we  study  the  Bellman  equation  for  two  operators  and  one  constraint? 
in  Section  III  we  consider  some  other  problems  related  to  the  Bellman  equation  for  two 
elliptic  operators;  and  in  Section  TV  we  study  the  Bellman  equation  for  one  parabolic 
and  one  elliptic  operator. 
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\ 


II.  Bellman  equation  for  two  operators  and  one  constraint: 

II.l.  Main  result: 

2 2 

Theorem  1 1 ■ 1 : Let  f ^ , f ^ f L , ij<  f H , i);  ^ 0 on  3i2  and  let  u be  larqe  enough.  Then 

2 1 

there  exists  a unique  u e H solving: 

(I.l)  max(A^u  + uu  - A^u  + uu  - u - ij/)  = 0 . ■ 


The  proof  will  be  given  in  subsections  II. 3 and  II. 4. 

Remark  II.l:  We  shall  see  in  III.l  how  the  assumption  on  u may  be  given  up.  ■ 

II. 2.  Preliminary  results: 

In  this  section  we  state  results  which  will  be  constantly  used  in  this  paper.  The 
first  one  is  a lemma,  which  was  basic  for  Brezis-Evans  proof  (see  a proof  of  this  lemma 
in  Brezis-Evans  (2)). 

Lemma  II.l  (Sobolevsky  113],  Lady4enskaja  [8,  13],  Ladyienskaja-Ural 'ceva  [9,  p.  182)): 

There  exists  two  constants  c^  ^ 0,  c^  =■  0 depending  only  on  n and  the  coefficients 
1 2 

of  A and  A , such  that  if 

(11.1)  U i 

then 

(11. 2)  l|v||^_  1 '^•5  / uv)  • (A  V + ijv)dx  . ■ 

,.2  2 1 2 


Remark  1 1. 2:  We  shall  need  in  the  following  a result  not  stated  by  Brezis-Evans  but 

which  is  transparent  in  their  proof.  Let  u (resp.  v)  be  the  solution  of  (1.3) 

corresponding  to  f^^,  f^  (resp.  g^^,  g^)  (we  suppose  p big  enough).  Then  there  exists 

1 2 

a constant  c (depending  only  on  £1  and  the  coefficients  of  A and  A ) such  that: 


(II. 3) 


A basic  tool  to  solve  I.l  will  be  the  following  result: 

Theorem  II. 2 (Maximum  principle):  Let  u (resp.  v)  be  the  solution  of  (1.3)  correspond- 
ing to  f^,  fj  (resp.  g^,  g^)  (we  suppose  p big  enough).  If  f^  g^^ , f^  £ g^,  then 

(II. 4)  u < V . 
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1 

i 


I 


1 , p 

Proof : Suppose  first  that  ^ ” (p'ti)  , then  from  Theorem  1.2: 

2 ot  0 - 

u,v  f C ' (ii)  C (f2)  . Suppose  now  there  exists  a point  in  where  v - u has  a 

positive  maximum:  at  we  have  (for  example)  A^u(x^)  = ^ ■ Thus 

A^(v-u)(Xq)  ^0,  but  A^(v-u)(Xq)  ^ u (v-u)  (X|^)  . 


Then  approximating  any  f^,  f^.  g^^.  g^  in  by  f",  f^,  g",  g^  which  are  in 

and  such  that:  f"  ^ g^,  f"  ^ g”/  “e  get  the  result  from  Remarlt  11.2.  • 

II. 3.  Resolution  of  the  penalized  problem  associated  to  (I.l): 

To  prove  Theorem  II. 1,  we  shall  build  a solution  u of  (I.l)  by  approximating  the 
problem  (I.l)  by  the  following  one: 


max(A,u  + uu  - f , A_u  + uu  - f,)  + — (u  - d:)^  = 0 
le  e 2e'^e  2 es 

u e n ni  . 


Thus  we  need  to  prove: 

2 1 

Theorem  1 1. 3:  If  u is  sufficiently  large,  if  ^ ^ d*  f H . There  exists 

2 1 

a unique  u^  e H ^ solving  (II. 5). 

Proof : The  proof  will  be  divided  in  several  steps. 

00  00 

1)  Prop.  I I.l;  If  f , f 2 f L , d*  * b , there  exists  a unique  u^  solving 


(II. 5') 


max(A,u  + pu  - f , , A.u  + uu  - f_)  + — (u  - <li}  = 0 
lE  c 12e  e 2 EE 

U € l"  n n . 

e 0 


Furthermore  u e ■ 

£ 

2 1 

2)  Existence  of  a solution  of  (IT. 5):  Let  ^ ^ ^ ' approximate 

by  l",  ip  by  e l“  : 

^ L 

*We  are  going  to  prove  first  that  u”  the  solution  of  (11.5')  corresponding  to  f",  d'*’ 
2 

is  bounded  in  H : we  have 


/ <A  u^  ■ ^1*  ^ (A,u"  - f"  + uu"  + — (u"  - d')^)dx  = 0 

ilEl  EEE  2e2  eee 


-5- 


Then,  by  Lemma  II. 1 and  denoting  the  bilinear  forms  on  associated  to 

A.  + P : 3c- 
1 2 


C2||u^||^2  ^ ^ 32  ( ) ) 

H 


- J I a.(ij;",  + I / f"{A^u"+yu"}dx  . 


^ i=l,2  i=l,2  n 


n . • * 

If  u is  big  a (-,•)  and  a_(-,-)  are  coercive:  thus  (u  ) is  bounded  in  H . 
1 ^ f 

*Let  u”  be  a subsequence  weakly  convergent  in  to  some  : Uien 


From  Remark  I I. 2:  we  have 


u where  v solves 

^ H 


max(A,v  + pv  - f,  +7  (u^  - li))  ),  A^v  “ ^2  ^ 7 - '^)  ) - 0 


1 e c 


But  V s u . 

e 

2 

3)  Uniqueness:  Let  us  denote  by  T the  following  application:  if  u € L , Tu  3S  the 
solution  of 


i Tu  + max(A,Tu  + uTu  - f,  , A Tu  + uTu  - f )=-:!)-  7 {u  - i^) 
t 1 12  2 e e 

Now  we  set  u^  =4*  and  we  consider  u = T u by  definition 

maxIAjU^  * ^“"1  * F “l  ■ ^1’  Vl  ^ e “l  ■ ^2’  = e 

maxCA^u^  ^““2  e “2  ' ^l'  *2^2  *^“2  e “2  " ^2*  " e '"^"‘'*''“1'  ’ 

But  f +—  + — inin(i|',u),  thus  by  Theorem  II. 2,  u_  ^ u . It  is  now  easy  to 

1 F — 1 f z 1 

deduce  u"  i and  max  (A.u"  + vju"  + - u"  - f . ) + [for  n > 1]-  But  let  v be  a 

iF(l,2)  ^ ^ 

solution  of  IT.I,  by  the  same  reasoning  u^  -''r'  deduce 

u"  > V , max  (A  u"  + uu"  t - u"  - f . 1 > max  (A.v  + uu^  + 7 v - f , ) . Now  with 

' " if(l,2>  " ^ "ie{l,2) 

Remark  TI.2,  we  have 


u*'— :^u  a solution  of  II. 5,  and  u ^ v . 

..2  t e — e 
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Thus  u is  a maximum  solution  of  II. 5.  But  if  v 


is  another  solution 


I %1^1^  r » 

max  iA.u  +iju  -f . f * - — (u  < - — (v  -il;)  - max  lA.v  +uu  -f . } , 

Uil.2]  > f ^ f if{l,2}  ^ ^ 

then  with  Theorem  1 1. 2,  u < v . ■ 

e - e 

Proof  of  Proposition  II.  I;  It  is  obvious,  in  view  of  Theorem  1.2,  that  T satisfies  to: 


Tu  - Tv  < •; u - V ; and  the  result  follows.  ■ 

" "oo  — 1 + ejj  " "oo 

The  following  result  will  be  useful: 

2 1 

Prop.  1 1. 2;  Let  ^ ^ (resp.  g^,  ^2^'  ^ ^ H (resp.  and  let  u^  (resp.  v^) 

be  the  corresponding  solution  of  II. 5.  Then  if  we  suppose  £ f.,  ^ ip 

V < u 

e — e 

Proof : From  the  proof  of  Theorem  II. 3 (existence  part),  we  only  need  to  prove  the  result 

00 

for  EL.  We  denote  by  the  application,  which  is  contractive, 

defined  by:  v = T^u  is  the  solution  of 

max  (A.v  + VIV  + — v-f.)  = — min(u,i(>)  . 
ie{l,2}  ^ £ X c 

Then  u''  = T^?u  — » v , but 
2 E l"  ^ 


1 111  , 1 . , 
max  (A.u  +uu  + — u -g.)  = — min(u 
ie{l,2}  ^ E 1 E e 

< — rain(u  ,i(i)  = max  (A.u  +liu  + — u -f . ) . 

^ i£{l,2}  ^ ^ E E E 1 

Then  from  Theorem  11.2:  u > u^;  and  by  induction  u > u".  ■ 

E — E — 

II.4.  Proof  of  Theorem  II. 1: 

2 

First  step:  Existence  of  a solution:  We  are  going  to  prove  that  u converges  in  H 

2 2 

to  a solution  of  I.l.  We  suppose  ^ ^ ^ 0 on  351: 

‘Estimates  on  u^ : Using  Lemma  II. 1,  we  get:  ac^ 


H 1=1,2 


1 I -fti'l'' 
i=l,2  ' 


(u  - i)>) 

e 


I (f  . , A .u  ) . 

t*  ^ -1C- 


2 i=l,2 


(u„  - >l>) 


Then  is  bounded  in  H , 


is  bounded  in  L . 


*Passinq  to  the  limit:  First  remark  that  with  Prop.  II.  2:  u^.  i.  Thus  there  exists 

2 2 

u r H such  that:  u^  I u,  u^  u weakly  in  H . We  extract  a subsequence  (still  denoted 


(u^  - </) 


by  u^)  such  that 

(11. 6) 

(11. 7) 


i weakly  in  L . Then  we  have: 

^ i 0 ' 

u < <;  . 


Furthermore  or.  the  set  A = {u  < ij)}  for  almost  x a EqIx)  such  that  c ^ implies 


(u  - ijr)  (u  - tjj) 

u < ijr.  But  then  E < e„  (x)  implies  — =0.  Then  1 — 

£ — 0 £ A e 


■ 0,  thus  as 


(u^  - !(:) 


1^1  weakly  on  L : 


A E 

(II. 8)  A=0a.e.  onA={u<i(/). 

Finally  to  prove  that  u satisfies  I.l,  we  shall  use  a monotonicity  argument.  It  is 
therefore  convenient  to  introduce  6 maximal  monotone  operator  defined  by: 

f 6(x)  =0  if  X < 0 

6(0)  = [0,+"0[ 


0(6)  = 


Remark  that  (II. 5)  is  equivalent  to: 

(II. 9)  A u + uu  + - (u  - li))^  - f-  + 6(A  u + pu  + - (u  - - f_)  3 0 

le  f ee  1 2e  eec  2 


(II. 10)  Vp  < 0 Vt  e B(p) 


p € L 


T e L 


(fl  - A^u^  - hU^  - i (u^  - ,«)"  - T,  A^U^  ^ ^ r - ^2  - P>^2  i ° • 

Now  passing  to  the  limit  on  (II. 10)  we  have: 

(f^  - T,  AjU  + gu  + 1 - f^  - p)  2 - gu  - 1 , -f^  " P'  2 

L L 


(II. 11) 


> lim(A  u + gu  , A.u  + gu  ) + lim  11-  (u  - i)r)*l|^., 

— — j,  r c z f F ' — ’ ' p p 2 

L 

v 1 ^ 

+ lim(  I (A.u  + gu  , - (u  - r(/)  ) . 
i*l,2  ^ ^ e f e 
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But  from  Lemma  II. 1 we  deduce  that  {(u,v))  = (A^u  + Mu,  A^v  + Mv)  is  a continuous 

2 

coercive  bil  inear  form  on  H and  thus  is  weakly  l.s.t  . And  as 

1 + 1 + 

(A.u  + Mu  , - (u  “ «!/)  ) . > (A>  + u^,  - (u  - li^)  ) (IT. 11)  gives: 

1€  L f f 2—1  F.  K 2 


1,  + MU  + 1 - “ P)  2 ^'■^2'^  - MU  - A,  -f^  “ 2 

L L 


> (A  u + MU,  A u + mu)  ^ *■  |1>||  ^ + I 
~ ^ ^ L I i=l,2 


y (A.ii^  + 
, ^ 1 


or 

(11.12)  (f  -A  u-mu-A-1  , A u+MU+A-f  -p)  > 5^  (A.(i|j-u)  + m(i^-u),A)  . 

^ ^ L 1=1,2  ^ L 

Now  consider  this  scalar  product  on  the  right  side: 
on  A = {vi  < lif}  A = 0 (II. 8) 

2 

on  tu  = if  this  set  has  a positive  measure  as  u and  ^ are  in  H : 

A . il  = A.u  . 

1 1 

Thus  we  have: 

(11.13)  max  (A.u  pu  + A - f.)  = 0 . 

i={l,2}  ^ ^ 

But  the  combination  of  (II. 6),  (II. 7),  (11.8),  (11.13)  is: 

(T.l)  max  (A^u  + iJU  - f^,  A^u  + \\\i  - £^,  u - ij>)  = 0 . 


Remark  that  taking  p 

(11.14) 


A^u  + MU  + A - f^  gives: 


+ 


Second  step:  Uniciueness:  Let  v be  another  solution  of  (I.l): 

*u  > v:  Indeed  as  max  (A  v Mv  + “ (v  - '^)^  - f.)  0,  we  have  from  Prop.  II. 2: 

— i6{l,2}  " ^ ^ 

V < u . 

~ e 

*Uniquenoss:  Consider  the  set  B = {v  < 4»} 


on  B max  (A.v  + mv  - f.)  » 0 > max  (A.u  + mu  - f.)» 
i=(l,2l  * ’ “ i={l,2}  ^ 


on  « (v  = as  > u > v,  u = . Thus  if  has  a positive  measure,  as 

2 

u,v  € H : max  (A.v  + mv  - f.)  * max  (A.u  ♦ mu  - f,). 

i={l,2}  ^ * i=(l,2l  * ' 


-9- 


Thus  in  any  case:  max  (A.v  + pv  - f.)  > max  (A.u  + uu  - f ) . But  that  implies 

i = {l,2)  ^ ^ ■■  i={l,2}  ^ " 

(Th.  II. 2) : V ^ u:  that  is  u = v.  ■ 

II.  5-  Some  properties  o‘~  the  solution  of  I.l: 

In  this  section  all  the  constraints  tli  are  supposed  to  be  nonnegative  on 
2 2 

Prop . 1 1 ■ 3 : Let  ^ (resp.  ^ ^ (resp.  and  let  u (resp.  v) 

be  the  solution  of  problem  I.l  for  f^,  t)/  (resp.  g^,  g^,  ■/))  . Suppose  f^  > g^^, 

fj  1 92'  then: 

u ^ V . 

Proof : Obvious  in  view  of  Prop  II. 2.  ■ 

We  shall  give  some  regularity  results: 

Theorem  I I. 4: 

1)  If  we  suppose:  ^ ^ ^ (Q)  ^ then  the  solution  u of  (I.l)  is 

0 “ 

in  C (Q)  . 

2)  If  ^1*^2  ^ ^ (resp.  ^ ^ (resp.  ip)  and  u (resp.  v)  is 

the  corresponding  solution  of  (I.l);  there  exists  a constant  c depending  only  on  Q 


and  on 

the  coefficients  of  A^^ 

and 

A 2 such  that: 

(11.15) 

1 <= 

1 

i=l, 

2 llfi  - gj 

Ik 

-^11  j • 

L 

3) 

If  ^ ^ (resp. 

^1' 

g^)  then: 

(11.16) 

||u  - v||^  < max(^ 

11^1 

II:,- 

92! 

L'  Ik  "^llj 

Proof : 3)  is  immediate  on  the  penalized  problem  with  Theorem  1.2. 

♦First,  suppose  ^ ^ 

on  the  set  lu  < max  (A.u  + uu  - f ) = 0 , 

ie{l,2)  ^ ^ 

on  the  set  (u  = (if  its  measure  is  positive):  max  (A.u  + yu  - (A.ii;  + u»^))  ® 0. 

ic{l,2}  ^ ^ 

Thus  3f,  ,f_  € l":  max  (A.u  + uu  - f.)  = 0.  That  proves  continuity  of  u 

^ ^ ie{l,2)  * " 

(Theorem  1.2). 
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*Now  we  have  only  to  prove  2);  and  1)  and  2)  will  be  provt?dj  let  us  introduce  w 
solution  of  (I.l)  correspond inq  to  and  s? . Then  we  have  (fror.  Theorem  1.2): 

(11.17)  llu^  - wjl^  < lU  - ^11^  . 

Now  let  us  consider  w - v : we  can  always  suppose  (introducinq  f.  = niax(f..a.)  and 

f E / er  T j 1 

g.  = min  (f . ,g , ) ) f.  > g,  and  thus  w > v . Thus  w - v >0  and: 
i 11  1—1  f—  c te- 

max  (A.w  + yw  - f.)  - max  (A.v  * uv  - q ) < 0.  Now  with  the  same  proof  than 


ie  { 1 , 2 } 


^ ie{1.2l  ^ " 


in  Evans-Lions  (3),  we  deduce: 


(II . 18) 


w - V <c  y f 
' f t - . (■  " 1 1 " n 

1=1,2  L 


And  (11.17),  (11.18)  give  (11.15). 


A stronger  regularity  result  is  given  by: 


Theorem  11.5:  If  we  suppose  ^ '^2  * and  i):  e (p  n)  ; then  the  correspond- 

1 00 

ing  solution  u of  (I.l)  is  in  W 

Proof  I With  a translation,  we  take  = 0;  then  the  same  proof  than  in  Evans-Lions  [3) 
gives  the  result.  ■ 

11.6.  Some  related  problems : 

1)  First  we  consider  a "quasi-var iational  inequality",  that  is  (for  example): 


(rr.l9) 


max(A^u  + pu  - f^,  A^u  + pu  - fj*  u - M(u))  = 0 


2 1® 

ueH  HH^OL,  u^O 


2 1®  '*'2 
where  M is  defined  on  H n n l^  and  takes  the  values  on  H . We  suppose; 


r M(v)^0  if 
y if  u ^ v,  M(u)  < M(v)  , 


(11.22) 


||h(u)  II  < c (||u||  + * ^2 

H H 


n 2 n ® n 

(11.23)  If  u -*■  u in  H weakly,  u bounded  in  L^,  and  u i u 

then  M(u'^)  + M(u)  . 
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Theorem  II. 6:  Under  assumptions  (11.20),  (11.21),  (11.22),  (11.23),  and  if  (j  is  large 


enough,  there  exists  a maximum  solution  of  (11.19). 

Proof : Let  us  give  the  outline  of  the  proof:  we  introduce  (u”) : 

u°  is  defined  by:  max  (A.u^  + uu'^  - f.)  = 0,  u°  f h!.  ^ L 

e if{l,2>  ^ ^ El  r 0 + 


n n n,  . n n_,  l,n..  ,n-l,+  „ n 2,,1_«> 

u^  IS  defined  by:  max(A,u^+UU^-f ^ , A2U^+Uu_,-f .,)  + - lu^-M(u_  ))  = 0,  u_  e H H„  L,  . 


1 f 


e 2 


‘Then:  u^'  1 u , and  u"  + when  e + 
E n E r 


(11.24) 


u - u < 

' e e ” — 


(1  + EIJ) 


n 


‘With  Lemma  II. 1 and  assumption  (11.22):  we  prove 

n 


(11.25) 


H 


2^0  (independent  of  n and  e]  . 


‘Then  u is  a solution  of: 

E 

(11.26)  max(A  u - f , A u - f ) + — (u  - M(u  ))*  = 0 . 

2 

Furthermore:  u^  + u,  u^— *u  wea)ily  in  H . Then  u is  a solution  of  (11.19). 

‘If  V is  another  solution  of  (11.19):  v < u”  =■>  v < u ==>  v < u.  ■ 

— E — E — 

Theorem  I I. 7 [see  Laestch  [10]):  Under  the  assumptions  of  Theorem  II. 6,  if  we  add: 

(11.27)  e O hJ  n l",  Va  e [0,1[  3 B € ]a,l[  : M(a.p)  ^ 6M('P)  . 

Then  there  exists  a unique  solution  of  (11.19). 

Proof : see  Laestch  [10].  ■ 

Examples : 

2 OD 

1)  M(u)  * k + inf  u where  k^H  ^li,F  is  a finite  set  included  in  Then 

F * 

M satisfies  (11.20),  (11.22),  (11.23)  and  if  k^a  > 0 then  M satisfies  (11.27). 

It  is  worth  noting  that  (11.19)  with  such  a function  M is  a problem  of  impulse  control 
of  stochastic  integrals. 

2)  M(u)  = k + l|u||p  where  £ e L and  p > 1.  Then  M satisfies  (11.20), 

(11.22)  and  (11.23).  If  £ > a > 0 then  M satisfies  (11.27).  • 

3)  We  shall  consider  now  a problem  similar  to  differential  games: 
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(11.28) 


< u 

1*2' 

u e 

h^ohJ 

if 

< u 

' *2 

then 

max  (A.u  + 

if{l,2}  ^ 

uu 

- f.) 
1 

= 0 , 

if 

u 

= *2 

then 

max (A . u + 
1 

uu 

- f.) 
1 

1 0 ' 

if 

u 

= 

then 

max (A.u  + 

1 

uu 

- f.) 
1 

> 0 . 

(11.28)  is  equivalent  to 

(11.28')  rain  (max  (A^u  ■ ju  - A^u  + uu  - u - il/^)  , u - 1);^^)  = 0 , 

or 

(11.28")  max(min(A^u  + uu  - A^u  + uu  - u - ijj^^)#  u - il/^)  = 0 . 

This  problem  is  also  a problem  of  control  of  stochastic  integrals  with  optimal  stopping 

[at  least  formally].  The  same  method  than  for  Theorem  II. 1 gives: 

2 2 
Result:  If  f 1 0 1 '<'2  '('i  1 '>'2  ^l'^2  ^ ^ ^ 

sufficiently  large,  there  exists  a solution  of  (11.28).  ■ 

Open  problem:  Uniqueness  of  that  solution. 

2 / 2 f ^ 

Partial  result:  If  A^^,  A^  have  constant  coefficients,  'l'j^''('2  * ^ ' ^l'^2  * ^ 

and  p is  sufficiently  large,  we  have  existence  and  uniqueness  of  solutions  in  the 

class  n n C°(n)  n W^'P(JJ)  (for  some  p > n]  . In  that  case  the  solution  belongs 
0 loc 

to  n W^'“(n)  n w^'“.  ■ 

0 loc 

Remark:  We  shall  not  prove  this  result  here:  let  us  indicate  that  the  uniqueness  part 
is  not  difficult  [and  in  fact  we  do  not  need  constant  coefficients  and  such  regularity 

2 f 00 

on  lb.  and  f.)  but  to  prove  the  existence  of  a solution  in  W,  is  the  really 
11  loc 

difficult  part.  ■ 
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III.  Bellman  equation  for  two  operators:  some  other  problems : 


III.l.  Reducing  u in  (I.  ')  : 


Theorem  1 1 1 . 1 : We  suppose  thee  c^,  (the  0-order  terms  in  , A^)  are  nonneqative, 

2 

then  if  ^ ^ following  assumptions  are  equivalent: 

2 1 

(111.1)  there  exists  a maximum  solution  in  H lO  h„  of:  max  (A.u  - f.)  = 0 , 

° ie{l,2}  ^ 

2 1 

(111. 2)  there  exists  a subsolution  v in  H ^ h^:  max  (A.v  - f.)  < 0 . ■ 

" ie{l,2)  ^ ^ - 


Let  us  remar)<  that  this  result  gives  immediately: 

Corollary  III.l:  If  ^l'^2  ^ then  if  ^ there  exist  a maximum 

2 1 

solution  in  H of: 

( 1 1 1 . 3 ) max  (A . u - f . ) = 0 . ■ 

it  { 1 , 2 } * ^ 

Indeed,  v = 0 is  a subsolution  for  nonnegative  f^. 

2 

Open  problem:  Assuming  (III. 2)  and  ^ we  do  not  Icnow  if  there  is  uniqueness 

in  III. 3.  To  prove  Theorem  III.l,  we  shall  use  the  following  result,  which  is  only  an 

easy  adaptation  of  a classical  result  [see  for  example  Tartar  [141]  in  view  of  Theorem  II. 2. 

2 

Theorem  1 1 1. 2:  Let  ^j^'^2  * ^ large  enough.  We  denote  by 

/lu  = max(Aj^u  + uu  - f^^,  A^u  + pu  - f , and  by  <<  the  following  order  relation: 


u <<  V if  /lu  ^ 4v  (in  L ) 
u,v  e n hJ 


Let  F[ul  be  a function  of 
We  suppose: 


x,u(x)  , Vu(x)  , (u^  ^ (x)) 

i j 


taking  its  values  in  K. 


(III. 4) 

Vu  e n hJ, 

F[ul  e 

L^  . 

(III. 5) 

Vu,v  e <0  Hq 

: u << 

V => 

Ftu]  ^F[v]  , 

(III. 6) 

3u,  ,u_  e Cl 

: u 

<<  u , 

, u,  <<  Su  , Su.^ 

<<  U-  , 

1 2 

0 1 

2 

1 12 

2 

where  S 

is  the  application  of 

,2  . 

L in 

n 

hJ  defined  by: 

/lSv>  = F(v>) 

Then  in 

[Uj^  <<  u <<  u^t  there 

exist  a 

maximum  and  a minimum 

solution  of : 

(III. 7) 

max(AjU  - f 

1'  ^^2“ 

- fj)  = F[u|  . 

• 
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Kemar_k_  I : In  Section  we  shall  study  some  applications  of  Theorem  III. 2. 


Proof  of  Theorem  III.l:  We  supjxjse  (I  II.  2).  Let  u be  large  eno\iqh  and  take 

Flu]  = yu:  (III. 4)  is  obviously  satisfied;  (111.5)  is  satisfied  because  of  Theorem  T.2 

- - 2 1 

Let  us  denote  by  u tlie  solution  of:  A^^u  = u e H by  u^  = v,  by  ’^2  ~ 

Then 


/ISu^ 

= UUj 

> 

4u^  =*  >1v 

(because 

of 

(III 

.2))  , 

= uu^ 

< 

pu  Au 

(because 

of 

the 

choice  of 

4Ui 

1 

< 

pu  = Au^ 

' 

and  thus  (III. 6)  is  satisfied.  Thus  we  have  u . / u minimum  and  maximum  solutions 

min  max 

in  {uj  <<  u <<  ^2^’  take  w another  solution  of  (III.l):  we  just  have  to  prove 

that  u . < w < u . Define 

min  ~ — max 

- - - 2 1 
u by  j4u  = max  (/lw,/Iu^ ) , u c H ^ * 

Then 

>lSu  = u ^ max  (pw,  pUj^)  > max  (i4w,4u^ ) = A\i  , 

Au  - max(/lw,  i4u^)  <_  p max(w,u^)  ^ pu  = Au^  ; 

thus  we  can  apply  another  time  Theorem  III. 2,  and  we  have  u maximum  solution  in 
{u  <<  u <<  '^2^*  definition  of  u : [u  <<  u <<  u^)  ^ {u^  <<  u <<  ^2^*  1’hus: 


u = u and  w <<  u . • 

max  max  max 

Another  result  in  the  line  of  reducing  assumption  on  U is  the  following; 

Theorem  1 1 1. 3:  We  suppose:  > 0 arid  ^^*^2  ^ there  exists  a unique 

solution  u in  the  class  hJ  ^ of  (III. 3);  and  u e C (fi)  . 

Remark  1 1 1. 2:  In  a paper  to  appear,  we  prove  uniqueness  of  solution  of  (III. 3)  in 
2 1 

H Hq  only,  by  using  stochastic  methods.  ■ 

Proof ; 

First  step , proof  in  a special  case:  W**  suppose  there  exists  some  a > 0 such  that 

^l'^2  ~ define  S by:  if  u e C°(ii)  Su  is  the  solution  in  n n 0^(12)  o 

max  (ASu  ♦ ..Su  - f .)  * uu  . 
i=l,2  ' 
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A slight  modification  of  Evans-Lions  proof  in  [3]  gives: 


Su  - Sv  < 


jj  +•  a * 

Thus  the  result  is  proved  in  the  special  case  considered  because  if  u is  a solution  in 
Su  = u belongs  to  C^lsi)  by  Evans-Lions  result. 

Proof  in  the  general  case: 

OO 

Second  step:  There  exists  w regular  (C  (fl) ) such  that  0<Yf.w<l.  Aw^e>0, 

32  3 

where  A is  any  differential  operator:  A = - a.  . r — + b.  r — + c. 

11  dx.dx.  1 3x.  1 

1 1 1 

«ith:  tla.^ll^  + j i '' 1 ^ I ^ * *"'•  1 0 • 

Furthermore  y and  6 depend  only  on  M,  v and  !1: 

Proof : Take  a point  x^  on  3f2  which  has  an  exterior  sphere,  let  us  denote  by  0 the 

center  of  this  sphere  and  by  p the  radius. 

2 2 

Define  w(x)  = exp[-kp  1 - exp[-k|x|  ). 

Then:  Aw  ^ [4k  up  - 2k|a^^|  + 2||bj^||^|  x^|kl  exp(-k|x(^).  For  k large  enough 

[k  ^k^(u,M,n)l:  Aw  ^6  > 0.  ■ 

Third  step:  Let  u,  v be  two  solutions  of  (III. 3):  u,v  e n hJ  O l".  Then  by 
Evans-Lions  result:  u,v  e Nextdefine  i^^(t),  by:  <fi  for  all  t in  [0,1] 

>^^(t)  = 1 if  t{A^u  + uu  - f^}  + (1  - t)  (Aj^v  + uv  - f^) 


=0  if  not 

and  = 1 - Then 


^ t{A2U  + gu  - f^^  + (1  - t)  AjV  + gv  - f^) 


1 I 

|a(u-v)|  = |(/  (t)dt]{A  (u-v)  + u(u-v)]  + [/  (t)dt]{A  (u-v)  + u(u-v)}|  < u|u-v 
0 ^ 0 ^ ^ 

1 1 

but  0 ^ / 'P ' (t)dt  ^ 1 and  ^ I 'P  • (t)dt  = 1 on  fi.  Thus  by  the  second  step. 


i*l,2  0 


we  have : 


u - v I _ < 


- B <•  gy 


That  proves  uniqueness,  taking  g 0. 
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t 


1;  by  First  step  for  every 


Fourth  step:  Existence:  Take  u such  that  0 -r <■ 

t c 6 + li-y 

V € C^(rj)  there  exists  a unique  u = Sv.  Now  remark  that  third  step  proves: 

U 


Su  - Sv 


u - V 


- 6 + UY 

That  proves  existence  and  the  Theorem.  ■ 

Remark  III. 3:  It  is  important  to  remark  that  all  regularity  results  in  Theorem  1.2  hold 
with  only  the  assumptions  of  Theorem  III. 3 [because  the  original  proofs  do  not  need  u 
large! . 

It  is  also  easy  to  see  that  with  methods  of  Theorem  III.  3,  we  can  prove  all  the 

n ® 

results  in  Section  II  without  supposing  u large  in  the  case  of  ^ ^ ^ L • 

However#  in  what  follows#  we  shall  keep  on  assuming  u large  in  the  purpose  of 
shortening  proofs.  • 

III. 2.  Two  remarks  on  Brezis-Evans  proofs; 

Remark  111.4;  It  is  easy  to  see  that  in  the  proof  of  Lemma  II. 1 of  Brezis-Evans  (21#  if 

|n|  is  small  enough#  the  assumption  U ^ c^  is  not  needed.  That  means  that  (irX.3J 

2 

can  be  solved  for  ^ under  assumptions  of  Theorem  Til. 3#  if  \^\  is  small 

enough . ■ 

Remark  I I 1.5:  Let  us  consider  the  following  problem: 


(III. 8) 


u e n hJ 


max  tA.u  + uu  + H.(x,u,7u)] 


i=l,2 


where  H^,  satisfy  to: 


(111 .9) 

(111. 10) 
or 

(III. 10') 
Then: 


V(x,p,q)  f n « B « IR  "N 
2 } 

3(1, 6>0  e J 


(x,p,q)  I I#  + a IpI  + 6|q|  , 


is  continuous  on  p and  q 


if  u u wpa)(ly  in  H then  H.  (x,u  ,Vu  ) — :♦((,  (x,u,Va) 
n 1 n n ^2  J 
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Result  1:  If  u is  big  enough  (U  ^ (a,  6,  , fl))  and  satisfy  to 

(III. 9),  (III. 10)  (or  (III. 10')).  then  (III. 8)  has  a solution. 

Outline  of  the  proof:  1)  Sol'e  (111.8)  in  a finite  dim.  space  generated  by  a special 

2 

basis  for  2)  qet  estiaiates  (H  bounds)  with  the  help  of  Lemma  II. 1#  3)  pass  to  the 

limit  using  a monotonicity  argument.  ■ 

Result  2:  If  in  addition,  we  suppose? 

(III. 11)  |H^(x,p,q)  -H^(x,p’,q*)|  f_cnP“p'l  + 

then  for  u big  enough,  (TII.8)  has  a unique  solution. 

Outline  of  the  proof:  Use  Result  1 and  prove  uniqueness  with  Lemma  II.  1.  Or  else  show 
that: 


(III. 12)  Vw  6 aiu  e n hJ  A^u  + H,(x,u,7u)  = w . 

Set  Kw  = AjU  + H^(x,u,Vu);  then  by  Lemma  II. 1 K is  a maximal  monotone  coercive  and 

2 

Lipschitzian  operator  in  L . That  implies  the  result  as  in  Brezis-Evans  proof.  ' 

Examples  of  application; 

.,  / .Vi  rt  3u  i»a 

H.  (x,u,Du)  » max  {)  b - — + c u - f ) 

1 _ , • j 9x . 

ae  A 1 1 


where  A is  a set  of  parameters. 

If  we  suppose  belong  to  a bounded  set  of  l”  and  f*^'“  belong  to  a 

bounded  set  of  L^:  then  (III. 9),  (III. 10)  and  (III. 11)  are  satisfied.  Thus  by 

Result  2,  we  have  solved  Bellman's  equation  for  an  infinite  set  of  operators  (but  with 

only  two  possibilities  on  the  highest  order  terms)  . Remar)t  that  we  can  ta)ie  rain 

of  A 

instead  of  max.  This  example  is  meaningful  from  the  stochastic  point  of  view,  for  it 
of  A 


increases  considerably  the  possibilities  of  control.  • 

III. 3.  Some  applications  of  Theorem  III. 2: 

2 

Corollary  111.2:  We  denote  by  u • max  (A.u  + uu  - f.I  where  f , , * L ■ Let  F 

i-1,2  ^ ^ ^ ^ 

be  a real  function,  nondecreasing . We  suppose: 


(111.13)  |f(x)|  < a|x|  tb  Vx  e » , 

(111.14)  3u_,  u^  , n Hg  /iu_  ' F(u_)  , /1u^  > F(u^)  , u_  < u^  . 
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I 


Then  if  u is  larqe  enough,  there  exist  a minimum  and  a maximum  solution  in 
{v  f 'h  u c V < u^)  of:  /iu  = F(u). 

Proof:  (III. 4)  is  satisfied  because  of  (III. 13);  (IIT.5>)  because  F is  nondeereasing. 

Then  u < u^  =>  F (u  ) iF(u^)  =>  u <<  u^:  thus  (III. 6)  is  obviously  satisfied. 
Theorem  III. 2 gives  a maximum  solution  and  a minimum  solution  in  {u  <<  v <<  u^}.  But 
if  V is  a solution  and  u f.  v ^ u^,  then 

F(u  ) < F(v)  < F (u^)  and  u <<  v <<  u^  . ■ 


Examples : 


1)  Talce  F(x)  = af^  -t-  b with  a > 0,  b ^ 0.  Remaric  that  if  ^ ^+' 

40  ^ F(0),  thus  we  can  talce  u =0.  Let  us  denote  by  Uj^  the  solution  of:  >lu^  = 


X + 


Then  if  f. ,f,  e L : 
1 2 


‘2"»> 


■'x"»- 


thus  for  X sufficiently  large 


00 

aru,  + b < X.  It  is  now  easy  to  show  that:  if  f ,f  e L there  exist  a minimum  and 
X - 12  + 

2 1“ 

a maximum  solution  in  {v  e H ^ ^ which  are  continuous.  Furthermore  if  b > 0, 

we  have  uniqueness  by  Laetsch  argument  (see  [10}). 

2)  Vie  can  treat  by  the  same  techniques:  existence  and  uniqueness  of  solution  of 


{ 


.4u  = M(u) 

2 1" 
u e H n H...  FI  L 
0 + 


where  M(u)  = It  + inf  u(5)(I(x)  C (1)  and 
eei(x) 


L 3 )c  ^ > 0 . 


Corollary  111.3  [see  Tartar  [14]]:  We  denote  by  Au  = max  (a.u  - f.)  where  f ,f  f L 

i=l,2  ^ ^ ^ ^ 

Let  F be  a Lipschitz  real  function.  We  suppose: 


(III. 14’) 


2 1 

3u  ,u^  f H FI  Hg  Au  + F(u  ) £ 0 < 4u^  + F(u^) ; u ^ u^  . 


Then  there  exist  a maximum  and  a minimum  solution  in  {v  e H u_ 

of  Au  ■*  F(u)  =0. 

Proof : Take  u larqe  enough:  x *5  px'F(x)  is  nondecreasing;  (III. 13) 

/1u  + uu  £ pu  - F(u  ) = G(u  ) 

/1u^  + pu^  £ pu^  - F(u^)  = G(u^)  . 


£ V 1 u^) 


is  satisfied  for  G.  And 


Th»is  Corollary  111.2  qives 
Example:  Take  F(u)  * cos 
existence  of  a maximum  and 


the  result.  ■ 

u,  we  may  take  * 

of  a minimum  solution 


tl.  Then  it  is  easy  to  show  the 
u FI  n Hg  of:  /lu  + F(u)  = 0. 
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III. 4. 


Bellman  equation  and  Schwarz  method; 


The  result  stated  in  this  section  is  proved  in  Lions  (111,  and  its  stochastic 
interpretation  will  be  carried  out  in  a paper  to  appear. 

We  need  some  notations:  Let  regular  subdomains  of  U such  that 

^^1  ^ ^2  nonempty.  Let  us  denote  by  n n,  '^2  ~ ^^2  ^ 

suppose  nonempty.  We  suppose 

(111. 15)  ax.  € Y.:  sup  |x  - x.|  < inf  |x  - x.|  [(i,j)  = (1,2),  (2,1))  . 

xfY^ 

Let  ^ h^(n),  let  u be  the  solution  of  (we  suppose  only  ^j'^2  ^ 

(111. 16)  max  (A.u  - f.)  = 0;  u e n . 

i=l,2  ^ ^ ° 


Definition  III.l:  The  sequence  (u  ) of  the  Schwarz  method  [see  Lions  [1111  is  defined 

n 

by:  e H^(f2)  i^H^Cfi)  nc°(n):  then 


(III. 17) 


max  (A.u 
i-1,2  ^ 


2n 


f^)  = 0 in  ® 


2n  2n-l  , „1  > r j ...  2n  2n-l 

. u - u e [and  we  extend  u by  u to  12]  , 


( and  a similar  problem  on  (2^^  for 

Remar){  1 1 1.6:  To  see  that  problem  (III. 17)  is  well  posed.  remar){  that  if  (i  = 1.2) 

are  smooth  functions  on  !2  such  that:  0 5.  1.  1 on  Xj^  + X2  = ^ X^^  - 0 

on  a neighborhood  of  [2  - 12^;  then  u^"  - u^*'  ^ e ^0^^2^  ^ ^ ^0*^2'’ 

and  Xj^u^"  ^ e H^(S2).  ■ 

Theorem  111.4:  Under  assumption  (III. 15),  there  exists  a real  k in  10,1  [ depending 
only  on  12,  and  on  the  coefficients  of  A^.  such  that: 


(III. 18) 


1“  ■ “"II  0 - 1 ^ II  “ ■ “°ll  0 - 

C (12)  C (12) 


Remar)t  111.7:  A similar  result  holds  with  Bellman  equation  for  an  infinite  set  of 
operators  in  a bounded  domain  of  IR^  [see  Lions  [11]].  • 

III. 5.  Bellman  equation  and  control  of  jump  points: 

As  in  the  preceding  section,  the  result  stated  in  this  section  is  proved  in  Lions  [12|, 
and  its  stochastic  interpretation  [control  of  jump  points  of  stochastic  integrals)  will 
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be  carried  out  in  a paper  to  appear.  We  shall  take  a rather  simple  example: 


be  a compact  set 

included  on 

We  suppose : 

(III  .19) 

3Xo  ^ K.- 

sup  |x  - X 1 r inf 
xfK  xr  3(2 

(III .20) 

fl'f2  ' ■ 

(111.21) 

Cj^.c^  > a > 0 , 

(III .22) 

* r H^((2)  n c°((2)  . 

Then: 

Theorem  III  .5:  Under  assumptions  (III. 19),  (III. 20),  (III. 21)  and  (III. 22), 


(III. 23) 


if  u is  the  solution  of 


then  sup  u ^ sup  :() 
K 3£1 


max(A^u  - f,  , A^u  - f^,  u “ i)/)  = 0 


^ max(A^u  - f^,  A^u  - f 

L uL„  = sup  l^,  U 6 
“ 3fi 


is  a necessary  and  sufficient  condition  for  the  existence  and  uniqueness  of 


(III. 24) 


max(A^u  - f^,  A^u  - f^,  u - t)<)  = 0 in  SI 


U € H 


Then  u 6 (SI)  . ■ 

Remark  111.8:  Remark  that  condition:  {sup  ^ £ sup  i/i}  implies  III. 23. 

K 3(2 


Remark  I I I. 9:  A similar  result  holds  with  Bellman  equation  for  an  infinite 

2 

operators  in  a bounded  domain  of  K (see  Lions  [12]).  ■ 

III. 6.  A result  of  singular  perturbations  in  Bellman  equation: 

We  begin  this  section  by  a remark.  If  we  suppose: 

(111.25)  The  bilinear  form  a(u,v)  = (A^^u,  v)  ^ on  is  coercive. 

Then  a slight  modification  of  Lemma  II. 1 gives: 

(111. 26)  If  f 1 aa  > 0(A  u,  A u + - u)  , > a||u||^,  . 

Thus  Brezis-Evans  proof  of  Theorem  I.l  gives  (in  particular): 

(111.27)  V6  < f.  alu  e n max(A  u , eA_u  + u - i(i)  = 0;  where 

— Or  0 lE2rE 

(111. 28)  i()  e . 


let  K 


the  condition 
on  S2 

u solving: 


set  of 
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We  denote  by  u 

the  solution  of 

the 

"usual" 

variational  inequality 

a (u , 

V - 

c 

1 V 

O 

Vv  < ij:  ' Hq 

(in  .29) 

n 

L U E 

1 

%' 

u E 

• 

Then: 

Theorem  IT  I .ft : Under  assumptions  (III.25),  (III.  28),  we  have: 


1)  When  f -»  0:  u — . 

“o 

2)  If  e H^,  then: 

(III. 30)  llu  - u||  , < . 

j.  M l _ 

”o 


Proof:  1)  We  have: 


(III. 31) 


e(A,u  , A_u  ) + d(u  , u - il<)  = 0 
1 f.  2 z zz 


E(A^U^,  + Eq^u^)  + a(u^,  (1  - Eeg^)u^  -:())=  0 . 

From  (III. 26)  we  deduce  that  u is  Ixiunded  in  H?!  and  eIIu  11  is  bounded.  If 

E 0 " e''  2 

H 

u^  u wea)«ly  in  then  ^ 'I'  “ '^e  — ^ ^0' 

(AjU^,  V - (1  - “o^)“e'^2  - ^'Ve'  Ve  ^o\>  - ° ■ 

Passing  to  the  limit,  we  get  in  a classical  way:  a, (u,v)  ^ a^(u,u);  thus  u = u, 
talcing  v = u,  we  obtain: 

u — ^u  . 

"o 

2 2 

2)  Now  suppose  4/  e H , then  u * H . First  remar)c: 


(III . 32) 


a(u  , u - (1  - EE  ^)u  ) > 0 . 
r 0 E — 


But 


then 


a(u,  u - u)  = (A,u,  u + E (A-U  ) - u)  _ - e(A  u,  A u ) _ 
E 1 f 2 r ,2  1 2f2 


a(u,  u - u)  > -r(A  u,  A u ) 


and 
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IV. 1.  Main  result: 


Let  T be  a positive  real,  we  shall  consider  an  evolution  problem  on  fO,Tl 
we  suppose  now  that  the  coefficients  of  and  depend  on  time: 


(IV. 1) 


e C^([0,T1  « Ti)  i e {1,2},  1 _<  k,  p < n ; 


tin  fact  we  do  not  need  such  smoothness) . We  consider  the  following  problem: 


(u*  denotes  — ) 
ot 


(IV. 2) 


max(u'  + A^u  - f^,  A^u  + pu  - f^)  =0  in  (0,Tl  x fi 
Uf  L^(0,T;  H^OhJ);  u’  e L^(0,T;  L^) , u(0)  =Uq  . 


We  shall  need  the  following  assumption: 


3a. 


{IV. 3) 


* 2 V 

Vt  A_(t)  = A_(t)  that  is  b , = y . 

2 2 k 3x 


f^,f2  e H^(0,T:  L^) 


Then: 

Theorem  IV. 1:  Under  assumptions  (IV. 1),  (IV. 3);  if  we  suppose  moreover 
(IV. 4) 

(IV. 5)  “o  ' ”o  ^ ‘'“o  ■ ^2*°’  - '^l‘°’“o  ■ ^l‘°’  * ”o  ' 

then  if  g is  sufficiently  large,  there  exists  a unique  u solving  (IV. 2) . And  we  have: 
(IV. 6) 


u'  € L^(0,T;  n Hq)  O l”(0,T;  hJ) 


Remark  IV.l:  Let  us  recall  what  we  said  in  the  introduction:  the  problem  {IV. 2)  arises 
in  economics  [see  Bensoussan-L-sourne  [1]].  ■ 

Remark  IV. 2:  1)  The  methods  of  Brezis-Evans  [2)  and  Evans-Lions  [3)  give  for  (IV. 2) 

results  of  regularity.  We  shall  not  consider  such  results  here. 

2)  The  .method  of  Section  II  [with  a lot  of  technical  difficulties!  could  give 
the  following  result:  existence  and  uniqueness  of  u solving: 


(IV. 2’) 


{ 


max(u’  + AjU  - fj,  A^u  - f^,  u - *)  =0 
u(0)  = u„  . ■ 
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Remark  IV. 3:  From  the  stochastic  point  of  view,  (IV. 2)  can  only  be  considered  as  a 
problem  of  control  of  stochastic  integrals  but  with  degenerate  quasidiffusions.  This 
seems  to  imply  that  the  proper  way  to  view  (IV. 2)  is  to  consider  it  as  a Bellman  equation 
for  two  elliptic  but  degenerate  operators  on  10, Tl  » Si  [see  IV. 3]. 

IV. 2.  Proof  of  Theorem  IV. 1: 

Let  us  indicate  how  we  prove  Theorem  IV. 1: 

1)  Solve: 


u'  + A u - f + 6 (fu'  + A_u  + pu  - f.)  = 0 
f,n  le,ri  1 n f,n  2f.  ,n  F,n  2 

(where  is  a smooth  approximation  of  6 (see  Section  II.4)). 


In  1 n2n  n 2 
AjU  ■ BiA^u  + uu  - f^)  = 0 . 

As  4)  is  proved  by  the  same  techniques  as  for  3) : we  shall  consider  existence  proved 
at  the  end  of  3)  . 

t 

1)  We  begin  by  a remark:  considering  the  change  of  solution:  u = ve  we  may 

2 2 1 

suppose  that  if  u is  large  enough:  3a  > 0 for  all  v e I,  (0,T;  H H^) 


2) 

Estimates  on  u , u' 

e,n  €,T) 

3) 

Pass  to  the  limit  when  e 

-►  0: 

u ->•  u ; u* 

e,n  n n 

4) 

Pass  to  the  limit  when  n 

-►  0: 

u ->•  u : u * + 

n 

5) 

Uniqueness. 

(IV. 7) 


/ (A^v,  A^v  + pv)  ^ds  > a / ||vll^2<^S  , 


[it  is  only  Lemma  II. 11.  Remark  also  that  Brezis-Evans  proof  of  Theorem  I.l  in  [2]  give 
obviously:  3 Ju 

e,n 


(IV. 8) 


K r,  * + pu  - f.,)  = 0 in  10, T[  X SI 

1 r,n  1 n E,n  2 e,n  E,n  2 

a e L^(0,T;  H h^) ; u’  e L^(0,T;  L^) ; u (0)  = u„  ; 
e,n  0 frn  0 


where  B is  an  increasing  C function  on  K:  B (x)  = 0 if  x < 0,  B (x)  > 0 
n n - n 

1 

X > 0.  We  have  also  ^ c L (0,T;  H^) . [In  fact  a good  choice,  for  our  problem, 

X 1 

following:  where  ^ is  an  increasing  C -diff eomorphism 

J0,®[,  'f  is  C []R)  and  tPCx)  0 if  x < 0.]  As  it  was  explained  above,  we  shall 

» ~ 

forget  about  n and  denote  the  solution  of  (IV. 8)  . 


if 

of 

on 
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2)  Estimates  on  u , u': 

F r 

•Estimates  on  u : We  multiply  iIV.8)  by  eu  ' + ^ " ^2  denoting  by 

aj^(u,v)  = (A^u,v)  2 3nd  a2('i»v)  = (A^u  + uu,v)  ^ bilinear  forms  coercive  on 

L L 

' 2 

[A^  is  the  self-adjoint  part  L of  A^  : A^  = A^  + B where  B is  a pure  first  order 
operator] , we  have: 


(u',euM  + (u',A  2 + gu  ) - (u',f  ) + (A  u ,A  u + gu  ) 

F2F.  ^2,2  le2r  e,2 


+ e(u',A  u ) - (A  u ,f  ) - (f  ,EU’)  - (f,.A  u + gu  - f ) < 0 . 

Integrating  that  relation  between  0 and  t;  we  have  from  (IV. 7) : 
r t t _ 

^ J llu^ll  2 + a^Cu^Ct)  ,u^(t) ) - ~ ^ a2(u^.u^)ds  - ((u^.f^) 


<^'^2'  2 - 2^-1  IKII^ds 

L L 0 H 

t t 

ca  (u  (t) ,u  (t) ) - ea  (u„,u„)  + / e(u',Bu  ) -ds  - e / a, (u  ,u  )ds 
1C  G 100  1 £e2  ilee 


'Ve'^2>  2 ■ <^'Ve  ^ ^“e  - ^2*  2 ' 

L L 


where 


I.  r T i'3u  2v,  f i' 
a.  (u,v)  = ; [ _ _ dx  + / c uv  dx 


fi  ki 


and  ®re  the  coefficients  of  a^(-,')-  Then  using  several  times  Schwarz  inequality, 

we  obtain: 


e/  I|u' ll^,ds  + llu  (t)  11^  +/  l|u  11^  ds  < c + c / ||u  (t)||^  ds. 

0 ^ ^ 0 ^ h‘‘  ^ 0 ^ H„ 


Then  from  Gronwall  inequality  we  have: 


(IV. 9) 

! Ilu 

0 ■ H 

(IV. 10) 

Vt||u  (t)|| 

''  ”o 

T 2 

(IV. 11) 

E / 11  u 'll  2*^® 

0 ® L 
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But  (IV. 11)  does  not  give  enough  estimation  on  u’  to  pass  to  the  limit. 


•Estimates  on  u’ (0)  : from  the  equation  as  A,(0)u„  + liu„  - f_(0)  < 0 and  $ (x)  = 0 

e 2002-  n 


if  X < 0,  we  have: 


u'(0)  =f,(0)  - A (0)u„  e H„  (by  (IV. 5)) 
E 1 10  0 


•Estimates  on  u':  We  are  going  to  differentiate  in  time  (IV. 8):  we  set  v = u' 
E ’ ’ EE 


(IV. 12) 


v’+A,v+Au  -f’+6'(Eu'+A_u+uu-f_){ev'+A,v  +uv  +A,u  -f')=0 
flElE  1 E2Ff,  2 E 2e  e 2e  2 

V (0)  = u’ (0)  . 

E E 


Here  are  the  operators,  whose  coefficients  are  the  time  derivatives  of  those  of  A^. 

Now  multiplying  (IV. 12)  by  {ev^  + A^v^  + Mv^  + A^u^  - f^}  and  integrating  between  0 
and  t,  it  is  easy  to  obtain  estimates  (IV. 13),  (IV. 14)  if  we  remar)t  that: 

/ (v;,A2U^)  = (v^(t),i2U^(t))  2 - (u;(0),A2U^)  ^ 

0 L L L 

t . t .. 

- / (V  ,A  V ) ds  - / (V  ,A  u ) ds  , 

0 ^ L 0 ' ^ L 

where  A^  is  the  operator  with  coefficients  which  are  the  second  time  derivatives  of 
those  of  A^;  and  that: 

1 (V  (t)  ,A  u (t) ) I < p||v  (t)||  ^ + ^||u  (t)|l  ^ for  all  p > 0 . 

2r  2-  E IpE  1 

^ "o  "o 

Thus,  we  have: 


(IV. 13) 


/ llv^ll^  ds^C 


(IV. 14) 


Vt|lv^(t)|r  < C 

% 


3)  Passing  to  the  limit;  We  shall  use  a classical  monotonicity  and  compactness 


extract 

a subsequence  still 

denoted 

by 

u such 

F 

that: 

u u 

r 

in 

L^(0,T:H^  n hJ) 

wea)<. 

L 

(0,T:H^) 

weal«  * 

u*  - u' 
c 

in 

L^(0,T;H^  n Hp) 

1 weak , 

00 

L 

(0,T:Hj^) 

wea)t  * 

I 


We  just  have  to  prove  that  u satisfies  to: 


(IV. 15) 


u‘  + Aj^u  - f ji  + + hu  - f^)  = 0 . 


But  let  •f  t L^(0,T;L^)  then  B (^)  e L^(0,T;L^)  and: 

n 

T ■ 

(IV. 16)  / (f  - A u^  ■ Vf  - eu’  t A u + uu  - f ' v»)  ds  ^ 0 

- n f.  Z f.  h 2 2 


r — ^ 

• (f,"6  A u+Uu-f  -:#)  + (-A  u-u' ,-f  -V!)  ds  > lira  / (u'+A,u  ,A  u tyu  ) .,ds 

n ^ ^ 1 2 2-  J £le2£^e.2 


We  pass  to  the  limit: 

T 

/ 

0 - - - L 

T 

But  / (A  u,A  V + UV)  ds  is  a coercive  continuous  bilinear  form  on  1,^(0, T:H^)  because 
0 L 

of  (IV. 7) : thus 

_ T _ T T 

Urn  / (u'+AjU^,  A^U^+UU^I^^'^S  >Uim  / (u'.A^u^)  ^ds  + j (A^u,  A^u+uu)  , 

and 

T T 

J (u^,  A^u^l^^ds  = a2(u^(T),  u^(T))  - a^iu^.u^)  - / u^(s))ds  . 

But  by  compactness  argument  u^  -*■  u in  L^(0,T;Hq)  strong,  and  thus 

T _ T 

I a_(u  (s),  u (s))ds  -►  / a {u(s),  u(s))ds  . 

0 ^ 0 2 

And  we  have  finally: 

T 

/ 

0 

That  means  that  u is  a solution  of  (IV. 15). 

4)  Uniqueness : Let  u^^,  u^  be  two  solutions.  Then  multiplying  the  corresponding 
equations  by  “ “2*  ^ ’^*“l  " '^2*  integrating  over  [0,tl,  we  have: 

|2 


(IV. 17) 


/ (f-,  ■ - u'  - 6 (14),  A u + uu  - f - i/>)  ds  > 0 . 

n 2 2_2  — 


2 t , t 

t ^ . r II  11  2 


(u  - u ) (t)  II  J + / ||u  - u Ir  ds  < C / II  (u  - u ) (s)  Ir  ds  . 

«0  0 0 ' 2 1 
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I 

I 


Then,  by  Gronwall  lemma,  we  have: 


Remark  IV. 4;  We  see  that  the  proof  of  uniqueness  does  not  require  (IV. 4),  (IV. S)  (but 
only  Uq  6 H^) . 

IV. 3.  Degenerate  operators  in  Bellman  equation:  some  examples: 

1)  Bellman  equation  with  degenerate  parabolic  or  elliptic  operators:  Let  us  give 
some  examples  which  can  be  treated  by  methods  similar  to  that  of  IV. 2. 

Example  1: 


(IV. 18) 


liu  + max(x  - -r-—  - f , 1^  - iu  - f ) = 0 in  ]0,T1  x ]0,x  [ x k"  ^ 
3t  dxdx  1 dt  2 0 

u(0)  = u„ 


where  x f ’'o  — 


Excunple  2: 


(IV. 19) 


^2 

hu  + maxC-Au  - f , , - r— ^ f_)  = 0 in  Jx_,x,  ( x jr 

1 dxdx  2 01 

u(Xq)  = u(Xj^)  = 0 


where  x e ^ ’'o'  ^1  ^ 


< X < X < 
- ^0  1 - 


Example  3: 


(IV.  20) 


uu  + max(a(x)  f , , -Au  - f_)  =0  in  ]x.,x  [ x jr"  ^ 

dy  dxdx  1 2 01 

u(Xq)  = u(x^)  = 0 


where  x e )x„,x,  [ x v < x,  < +“;  a e L , — f L 

0 1 — 0 1 — dx 

In  these  examples,  a method  is  to  solve  approximate  problems  [for  example 


(IV. 19') 


l)U  + max(-Au  - f , , - - - - eAu  - f_)  = 0]  , 

e el  dxdx  E 2 


then  obtain  estimates  from  the  equation,  then  differentiate  the  equation  to  obtain  new 
estimates  and  pass  o the  limit.  Remark  that  in  Example  1,  we  have  to  work  with  spaces 


with  weight. 
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2 ) An  evolution  problem  of  h igher  order : 


We  consider  two  differential  coercive 


isomorphisms  self-adjoint  from  H into  H : A , A_.  We  solve:  for  A > C 

12 


(IV. 21) 


ma.y'u'  + A^u  - f^^,  Au"  + Aa^u'  + A^u  - ^2*^'  ” ® 10, T[  S 


A method  is  to 
have  estimates 
Remar)<  that  in 


u(0)  = u'  (0)  = V|^  . 

solve  (TV. 21)  in  a finite  dim.  space  (in  a special  basis  of 
(direct  and  with  differentiation  of  IV. 21),  then  pass  to  the 
the  case  of  m = 1,  we  can  take  A = 0 (Theorem  IV. 11  . 


Aj 1 , then 
limit. 
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